• Reconciliation spaces of phylogenetic trees are important in evolutionary biology.
Introduction
In phylogenetics, the reconciliation problem involves trying to find a map that reconciles one leaf-relationships to keep things concrete).
More formally, a phylogenetic tree T is a rooted, binary tree (i.e. every vertex of T that is not the root or a leaf has indegree 1 and outdegree 2), which has root vertex ρ T (with indegree 0 and outdegree 2). Given a host-parasite triple (P, H, φ), that is, two phylogenetic trees P and H (the parasite and the host tree, respectively), whose leaf-sets represent present-day species, and a map φ : L(P ) → L(H) between their leaf-sets (describing which parasite is currently on which host), a reconciliation map is a map ψ : V (P ) → V (H) between their vertex sets which satisfies:
(i) The map ψ restricted to L(P ) equals φ.
(ii) If v is a vertex in the interior of P , then ψ(v) is either strictly above or equal to ψ(v ), for any child v of v.
We present an example of such a map in Figure 1 .
Note that various definitions have been proposed for reconciliation maps (see e.g. [8] ). These model evolutionary processes including cospeciation (a host and parasite speciate together), duplication (a parasite speciates on a host), loss (a host speciates but not its parasite) and host-switches (e.g. a parasite switches to another host). In this paper, we are using the definition for a reconciliation map presented in [7, 14] , with the added assumption that we do not allow host-switches.
In general, several algorithms have been developed to compute optimal and suboptimal reconciliations for a pair of trees relative to some predefined cost-function (cf. e.g. [8, 9] ). When host-switches are not allowed (as in this paper), collections of suboptimal reconciliations can contain thousands of elements [9] , and for more complex models (e.g.
where host-switches are permitted), this can be the case even for collections of optimal reconciliations [7] . It is thus quite natural to consider properties of the set of all possible reconciliations endowed with some metric which also permits their comparison.
These so-called reconciliation spaces are of growing importance in the literature [1, 3, 9, 10, 15] and permit quantitative analysis of the behavior of reconciliation maps.
In this paper, we are interested in the problem of computing geometric medians in reconciliation spaces. In general, for Y a finite set endowed with
Such elements are useful as they can act as an element which summarizes or forms a consensus for the set Y . Within computational biology, geometric medians (and the closely related concept of centroids) have been used in phylogenetics to form a consensus tree for a set of phylogenetic trees [2] , and in RNA secondary structure prediction to derive a consensus structure for a set of suboptimal RNA structures [6] . We therefore expect that being able to compute geometric medians in reconciliation spaces should be a useful addition to the theory of reconciliations (e.g. for computing a consensus of a collection of reconciliations).
We now summarize the contents of the rest of the paper. In the next section we present some preliminary definitions and results. This includes the definition of the edit-distance, a metric on the set R(P, H, φ) of all reconciliation maps for a hostparasite triple (P, H, φ). Variants of this distance have been previously used to quantitatively analyse collections of reconciliations (cf. e.g. [9] ). In Section 3, we present some basic observations concerning medians, which we then use in Section 4 to define the concept of a median reconciliation for a subset Ψ of R(P, H, φ) (Theorem 2). In Section 5, we then show that a median reconciliation is in fact a geometric median for Ψ in R(P, H, φ) relative to the edit-distance (Theorem 4). We also explain how to compute a geometric median in polynomial time, even though it should be noted that R(P, H, φ) can be exponential in size (see e.g. [7, p.2] ). We conclude in Section 6, with a brief discussion of some potential future directions.
Preliminaries
For a phylogenetic tree T , denote the set of in-
We denote by T the partial order of V (T ) given by T . In case the context is clear, we just use .
Also, we say for vertices x, y ∈ V (T ) with x y that y is below x and that x is above y. Furthermore, we say that y is strictly below x if y is below x and x = y and that x is strictly above y if x is above y and x = y. In that case, we also put x y.
If L is a subset of L(T ) of size at least two, we let lca T (L) = lca(L) denote the least common ancestor of the set L, that is, the lowest vertex in T which is above every element of L (with respect to the ordering T ). If |L| = 1, then we set lca
We also let A(v) be the subset of V (H) given by
We now make some observations (cf. also [9] )we prove only (R2) as the rest are straight-forward to check:
Proof. If v ∈ L(P ) then the statement clearly
, it suffices to consider the following two cases:
which is impossible.
in H. This contradicts the definition of m(v).
then for all v ∈ V (P ), the vertices ψ(v) and ψ (v) are comparable in H with respect to the ordering H . In particular, it also follows that
To compute a geometric median for some subset of R(P, H, φ), we need to define a metric on R(P, H, φ). In this paper, we focus on the editdistance, d edit , since edit-distances are commonly used to compare reconciliations (see e.g. [9] ).
The distance d edit is defined as follows. Given 
It is easy to check that d path is a metric on
, and it also satisfies the triangle in-
We shall use the following result which is technically equivalent to [9, Theorem 2].
The proof for this theorem is very similar to that of [9, Theorem 2] -we include it in the Appendix for the sake of completeness.
Medians
Before moving on to computing geometric medians for reconciliations, we first collect together some basic observations concerning medians.
Given a multiset A of real numbers, we let med(A) denote the median of A. This is a real number, and is the "middle" number of the set A when the elements are arranged in order of magnitude. If the cardinality of A is even, the median is taken to be the real number that is half-way between the two middlemost numbers.
Given a real number r, we now let [r] denote the nearest integer to r in case there is only one, and to be the largest integer that is nearest to r in case there are two nearest integers to r. We now list some useful facts concerning the above definitions.
(M0) Suppose that A is a multiset of real numbers.
If f : R → R ≥0 is the function given by setting
Proof. This is a well-known fact concerning medians. Essentially it holds because, when r moves away from med(A), then r moves away from at least as many elements of A as it approaches. Hence, f attains its minimum over all r ∈ R at med(A). To see that med(A) ≥ med(B), we consider the case where m is odd; the proof for m even is simi-lar. Let a i1 , a i2 , . . . , a im be an ordering of the elements of A such that a i1 ≤ a i2 ≤ · · · ≤ a im . Then,
and, by assumption, at most 
Median reconciliations
In this section, we define a special type of reconciliation ψ med = ψ Ψ med that can be associated to any subset Ψ of R (P, H, φ) . In the next section, we prove that this is in actual fact a geometric median in the space R(P, H, φ) endowed with the editdistance.
Suppose Ψ = {ψ 1 , . . . , ψ l } ⊆ R (P, H, φ) , l ≥ 1.
If v ∈ V (P ), then for 1 ≤ i ≤ l, we let
We now define the map
Note that such a w exists as ψ i (v) ∈ A(v) for all 1 ≤ i ≤ l by (R2), zmed(n 1 , n 2 , . . . , n l ) is an integer, and zmed(n 1 , n 2 , . . . , n l ) ≤ d H (ρ H , m(v) ). We now show that ψ med is a reconciliation.
Theorem 2. ψ med ∈ R(P, H, φ).
Proof. First note that ψ med restricted to L(P ) is clearly equal to φ.
where the last equality holds in view of (R0). zmed(p 1 , . . . , p l ) . More-
it follows that p i ≥ n i . By definition and (M1),
Hence,
Remark: Using similar arguments, we can also define a "minimum reconciliation" for the set Ψ as follows. Let ψ min = ψ Ψ min : V (P ) → V (H) be given by taking ψ min (v) to be a lowest ele-
that ψ min is well-defined by (R3). Moreover,
A similar approach can be used to define a"maximum reconciliation" for Ψ.
Geometric medians
In this section, we show that for a subset Ψ of R(P, H, φ) endowed with the edit-distance, the reconciliation ψ Ψ med is a geometric median for Ψ. This will follow immediately from the following observation concerning phylogenetic trees.
Observation 3. Suppose that T is a phylogenetic tree and that
is a subset of the set of vertices of some path γ in T between ρ T and some vertex s ∈ V (T ). Let
Proof.
Let v ∈ V (T ). First, suppose that v is a vertex in a path in T between ρ T and some leaf of T that contains γ as a subpath.
Suppose now that v is not of the above form.
Then there must exist some vertex t in the path γ such that t v . Using the same argument as above for t instead of for v , it follows that Proof. Suppose that ψ ∈ R (P, H, φ) . Then by 
Discussion
In this paper, we have described how to find a geometric median for a set of reconciliations within the space of all reconciliations endowed with the path-distance (or, equivalently, the edit-distance).
It would be of interest to understand properties of a geometric median. For example, reconciliations are usually assigned some cost (see e.g. [9] ), and it could be interesting to understand how the cost of the geometric median of a set of reconciliations is related to the costs of each of the reconciliations in the set. Also, we have focused on the edit-distance. However, it should be possible to define alternative metrics on collections of reconciliations, and to potentially derive geometric medians relative to these metrics.
In another direction, as stated in the introduction, we considered one of the simplest models for reconciling trees. There are more complex models which allow the inclusion of additional evolutionary processes (such as host-switches or, in the case of gene-species reconciliation, lateral gene transfer) [14] , and it would be of interest to see whether geometric medians can also be derived for these models. This could be useful since such models can generate multiple optimal solutions [7] . However, it could also be quite complicated as in our proofs we heavily relied on properties of the median of a set of points in the real line, and for the more complex reconciliation models it is not clear that such arguments can be applied.
Finally, in general the geometric median can be regarded as a consensus for a set of reconciliations.
It would be interesting to find other methods for defining a consensus reconciliation and to understand how these are related to the geometric median (e.g. we could try to define a centroid reconciliation for a set which, roughly speaking, would correspond to the center of mass for the set).
Appendix: Proof of Theorem 1
If ψ * = ψ , then Property (E) follows. Assume that ψ * = ψ . Then there must exist some 
